MATHS5360 Game Theory
Exercise 5

1. (a) For coalition S; = A;, Ay, the game bimatrix for the 2-person game between S and
S¢is

A; can be reduced to

thus v(S)) = &=8%T = 32/5 and v(A3z) = v(S°) = 6 — 32/5 = —2/5. Similarly, We have

T 6+4—8-7

V(A1 As) =8 and v(As) =6 — 8 = —2, ¥(As, A3) = 15/2 and v(A;) =6 — 15/2 = —3/2,
and V(Al, AQ, Ag) = 0.

(b) Let x = (21, x2,23) € I(v) be an imputation, then x € C(v) if and only if

T > —3/2, T2 > —2, XT3 > —2/5,
1+ x9 >32/5, xy +x3 > 8, 9+ 13> 15/2, (1)
$1+ZE2+$3:6.

—3/2 <z =6—13— 23 <6—15/2 implies 1 = —3/2, =2 < 29 =6 — 27 — 23 <
6 — 8 implies 25 = =2, —=2/5 < 23 = 6 — 21 — x; < 6 — 32/5 implies 3 = —2/5, but
x1 + 29 + 13 = —39/10 # 6. Thus, C(v) = 0.

2. Let x = (x1, 9, x3) € I(v) be an imputation, then x € C(v) if and only if

T 2277 '7;2287 5173218,
1+ T2 236, 1+ T3 250, 3:2—1—3:3227, (2)
.T1+l’2+.7}3:60.

which is equivalent to

33 >z > 27,
10 > 2y > 8, (3)
422I1+ZE2:60—I3236.

C'(v) is the intersecting region of the three strip regions in Figure 1.
3. (a) ju(1) = p(2) = p(3) = 0 and u(1,2,3) = 1.

1

= v(1,2,3) — v(1) — v(2) — v(3)

—1/7,

and we have
n(1,2) = k(v(1,2) —v(1) — v(2)) = 2/7,

p(1,3) = k(v(1,3) —v(1) = v(3)) = 3/7,
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#(2,3) = h(1(2,3) — ¥(2) — v(3)) = 5/T.
(b) Let x = (21, x2,23) € I(v) be an imputation, then x € C(v) if and only if

Ty >3, T3 >4, 13 > 6,
Ty +we 29, ry + a3 2> 12, w9 + 23 2> 15, (4)
$1+$2+5L’3:20.

which is equivalent to

52371237
821’224, (5>
1421’1+$2:20—l‘329.

C'(v) is the intersecting region of the three strip regions in Figure 2.
C) ¢1 = 9/2, ¢2 = 13/2 and ¢3 =9.

4. (a) v(A) =v(B)=v(C)=0,v(A,B)=3,v(A,C)=5,v(B,C)=2and
v(A,B,C) =6.
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(b) ¢1 = 8/3, ¢o = 7/6 and ¢3 = 13/6.
(¢) According to the Shapley’s value, A,B,C should pay 25/3, 35/6, 35/6 respectively.
5. We have v(1) = v(2) = v(3) = v(4) =0, v(1,2) = v(1,3) = v(1,4) =1, v(2,3) =
v(2,4) = v(3,4) = 0 and v(S) = 1 for any S with |S| > 3. Thus, ¢; = 1/2, ¢y = ¢3 =
9. (a) v({A}) = v({B}) = v({C}) = 0, v({A, B}) = 72, v({A, C}) = 40, v({ B, C}) = 40
and v({A, B,C}) = 176.
(b) n({A}) = p({B}) = p({C}) = 0 and u({4, B,C}) = 1.

1
(A B,C}) —v({A}) —v({B}) —v({C})

- /176,

and we have
n({A, B}) = k(v({A, B}) —v({A}) —v({B})) = 9/22.

(c) Let x = (1, x2,x3) € I(v) be an imputation, then x € C(v) if and only if

r1 20, 23 20, 23 20,
X1+ T2 272, T1+ T3 240, $2+$3Z40, (6)
ZE1+I2+ZE3:176.

which is equivalent to

136 > 1 > 0,
136 > x5 > 0, (7)
176 > 21 + x5 = 176 — x3 > 72.

C'(v) is the intersecting region of the three strip regions in Figure 3.
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